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Automated Material Handling Systems are practically ubiquitous across
industry and many rely on the operation of timing belt drives, which require
that the belt be tensioned properly in order to function correctly. A series of
experiments was carried out in which the frequency spectrum of acoustic ra-
diation caused by transverse vibrations of a timing belt was used to calculate
the belt tension. A lumped-parameter model was developed that considers the
geometric complexity of the timing belt’s construction by calculating the stiff-
ness of a single belt tooth using commercially-available finite element analysis
software. This was used to modify the belt’s effective stiffness suggested by the
manufacturer. Based on the experimental data, a set of material parameters
was determined that, when used in the lumped-parameter model, resulted in
tension predictions that agreed with the experiment within the 95% confidence
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1.1 Automated Material Handling Systems
Automated Material Handling Systems (AMHS) are widely used in a
variety of industries, including: health care, distribution (notably including
postal services [1]), apparel, automotive, and all manner of manufacturing [2].
The growing dependence of industry on AMHS is suggested by the fact that the
revenue of the top 20 AMHS suppliers increased from $9.8 billion in 1999 [3]
to $15.3 billion in 2008 [4]. AMHS are employed by the semiconductor man-
ufacturing industry in order to increase yield and reduce cycle times while
simultaneously addressing concerns about ergonomics and contamination [5].
This thesis is concerned with the belt that drives a tool called a stocker
in a semiconductor manufacturing AMHS. The function of a stocker in a semi-
conductor manufacturing line is to act as a buffer between intra-bay and inter-
bay transport systems. As a wafer undergoes hundreds of processes involving
about 250 tools [5], the stocker ensures that the wafers are delivered to the
proper tools at the proper times to minimize tool downtime. When a stocker
fails, the flow of material is interrupted, resulting in blockages and costly
downtime. The reliability of this integral part of the AMHS requires proper
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maintenance of the timing belt that drives the robot responsible for the storage
and retrieval of material.
1.2 Timing Belt Drives
Figure 1.1: An illustration of the construction of the timing belt used in this
thesis. A portion of the belt is cut away to show how the tension members are
embedded in the molded polyurethane matrix. The directions of transverse
and longitudinal vibrations are indicated with arrows. [6]
The belt used in this thesis consists of a large number of braided steel
tension members laid in parallel across the width of the belt embedded in a
thermoplastic polyurethane matrix with molded teeth, as shown in Figure 1.1.
The composite construction of this belt complicates the modeling of its behav-
ior. The belt profile, non-uniform spacing of tension members across the belt
width, nonlinear material properties of polyurethane, and interface between
the steel and the polyurethane matrix make modeling from first principles
difficult.
Timing belt drives employ toothed pulleys and belts to transfer power
in a manner similar to that of chain drives. The transmission of power relies
on the interaction between the teeth on the pulleys and the teeth on the belt.
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Timing belt drives are preferred to flat belt and V-belt drives in applications
where positional accuracy is important because they eliminate the cumulative
errors due to slip [7]. This aspect is especially important in the application
considered here, because the stocker must be able to retrieve materials from
storage areas and deliver them to precise locations. The ability of the belt to
perform depends on the tension that it is under. If the tension is too high,
then the pulley shaft bearings will be overloaded, causing increased wear; if
the tension is too low, then tooth jumping may occur, which causes (at the
least) a loss of positional accuracy [8].
A timing belt may fail in a variety of ways. If the tension is too high,
there may be excessive wear in the land areas of the belt, and tooth roots may
crack. If the tension is too low, then the belt teeth will not sit properly in the
pulley, rising up out of the grooves. Then the drive load will not be applied to
the root of the tooth, causing the tooth to bend. This may cause strips of teeth
to separate from the belt. Additionally, low tension may lead to tooth jump,
which can lead to damage of the belt’s tension members in addition to the loss
of positional accuracy. Another source of belt failure is pulley misalignment.
When pulleys are angularly misaligned, then one side of the belt will carry a
higher tension than the other, often resulting in tooth root cracks on the side
with the higher tension. [9]
Clearly, the tension in the belt is of prime concern from performance
and maintenance perspecitves. The models and experiments presented in this
thesis represent a part of a research initiative to improve the current belt
3
tension monitoring methodology. Typically, tension is monitored acoustically.
Transverse vibrations are excited by manually plucking the timing belt, and
a microphone records the radiated acoustic pressure. For example, if the tim-
ing belt behaved as a simple string, the frequency of the response would be
related to the tension by the equation T = ρ`(2Lfn/n)
2, where T is the string
tension, ρ` is the linear mass density of the string, L the length of the vibrat-
ing span, and fn is the frequency of the n
th mode of vibration. As described
at length in [10], acoustic tension monitoring as currently used in industry
requires improvement, with typical systems reporting both false positives and
false negatives at an unacceptable rate. This thesis is focused on investigating
an improved mathematical model to relate the longitudinal deflection of a belt
to its tension in a manner consistent with an acoustic tension test.
1.3 Organization of Thesis
The rest of the thesis is organized as follows. Chapter 2 reviews the
current state of the art in belt tension monitoring and belt drive modeling
and also presents the models that will be used in this paper. Next, Chapter 3
describes the apparatus used in the experiments. Chapter 4 reports on the
experiments performed. Simple string experiments are presented in order to
validate that the experimental apparatus controls force as anticipated, in a
linear manner. In Chapter 5, the results of the experiments are compared to






As outlined in Chapter 1, timing belts are versatile and their use is
important in many industries. However, their successful operation depends
on proper installation and maintenance, with the most crucial factor being
the belt tension. Thus, there is a need to be able to monitor the tension
reliably and to model the tension accurately. Successfully modeling the tension
in a belt span is an integral part of the modeling of belt drive mechanics.
This section will provide an overview of the progression of tension monitoring
techniques and belt drive modeling.
The simplest method for monitoring tension is the 3-point bending
test. A transverse load is applied to the belt and its transverse deflection
is measured (see Figure 1.1 and Figure 2.1 for clarification of the transverse
direction). Then, empirical formulae or tabulated values are used to relate
these quantities to the belt tension. A typical formula can give estimates that
are up to 60% lower than the actual tension [8]. This method is sensitive to
deflection location and devices that perform this test can significantly alter
the tension in the belt during measurement [8]. This method was revisited by
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Melas et al. [11] in 2004. The authors applied a transverse load to the midpoint
of a belt span and used a linear variable displacement transducer (LVDT) and
a spring balance to calculate the transverse displacement as a function of
the force applied. From this, they calculated the axial tension in the belt and,
subsequently, the belt span’s natural frequency. The results of these tests were
compared to frequency spectra of the belt span when manually vibrated, as
measured by accelerometer and by a proximity transducer. The accelerometer
and proximity transducer gave consistent results, but the deflection method
underestimated the natural frequency of the belt span by over 13%. While
this method did not give an accurate measurement, the authors maintained
that it would be effective in determining changes in belt tension that would
portend failure.
As implied in the discussion of the work of Melas et al., it is possible
to estimate the tension in the belt from the fundamental frequency of its free
transverse vibrations (and vice versa) using the one-dimensional wave equa-
tion. This was first demonstrated by Fawcett et al. [8], whose experimental
results showed that, for a toothed belt, there is a linear relationship between
tension and the square of the fundamental frequency of transverse vibration.
The results improved for longer belt spans over the examined range of 150 mm
to 350 mm. In this model, the belt is assumed to be homogeneous, isotropic,
linearly elastic, and free of damping. These assumptions are counterindicated
by the construction of a composite belt. The fact that there are stiff tension
members laid parallel in a soft matrix guarantees heterogeneity and anisotropy.
6
Additionally, the use of a polymer such as rubber or polyurethane as the matrix
introduces nonlinear elastic behavior and frequency-dependent damping [12].
Despite these drawbacks, this method remains the most common.
The above is essentially the extent of the literature that is concerned
with stationary belt spans alone; the remainder of the section is concerned with
models of belt drive systems. There are four primary subjects of study in the
modeling of belt drives. First, while a belt drive is in motion, there must be a
tension differential between the belt spans on opposite sides of a pulley. This
phenomenon can be explained by creep theory or shear theory. Using either
creep theory or shear theory, the physical mechanism that causes the tension
differential is friction, the second topic of interest, which is modeled using
Coulomb friction or a creep-rate-dependent (i.e., sliding-velocity-dependent)
law. The third concern of belt drive modeling is the significance of the physical
parameters of the belt—for example the axial stiffness, flexural stiffness, shear
stiffness, mass, and damping characteristics. The fourth primary interest is in
the mechanisms that excite transverse vibrations in the belt.
The distribution of the belt tension and tooth load in a two-pulley
timing belt drive system in a quasi-static state was addressed by Gerbert et
al. [13]. They modeled the belt links and teeth as springs and calculated
the distribution of the load across the portion of the belt that engages the
toothed pulley. The authors used a finite element model of one pitch of a
belt, including the tooth and the cord, to determine the spring constant of
the tooth. The results of the finite element model were found to be in good
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agreement with experimental results. However, the predictions of the tension
distribution were greater than the values measured by strain gauges, though
they followed the same general trend. The authors suggested that the reason
for the discrepancies may have been irregularities in the pitch of the belt and
the pulleys.
Next, researchers have modeled the dynamics of a belt drive in a steady
state. That is, a continuously circulating belt in a system of pulleys. For
steady state models, the driven pulley is assumed to have a constant angular
velocity, or appply a steady torque. In 1970, Firbank [14], introduced shear
theory as an alternative to the long-standing creep theory originated by Os-
borne Reynolds [15]. Creep theory assumes that the belt is flexible, extensible,
and thin enough that bending and shear strains are negligible. Then, when
there is a change in belt tension due to friction, the belt extends or contracts
elastically and moves relative to the surface of the pulley. Firbank argued that
the assumptions of this theory no longer hold due to advances in belt construc-
tion. The tension members of modern belts are essentially inextensible in the
longitudinal direction—especially when compared to the cotton and leather
belts in use when creep theory was developed. Therefore, Firbank suggested
that friction between the pulley and the belt causes shear deformation in the
matrix surrounding the tension members. This shearing of the extensible ma-
trix causes a tension change in the embedded load-carrying members.
Alciatore et al. [16] have extended the analytical models of creep theory
and shear theory for use in systems with an arbitrary number of pulleys, using
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a Coulomb friction paradigm. Additionally, the authors discussed the effects of
bending stiffness and centrifugal forces. Specifically, for a thick belt rounding a
pulley, the increase in tension due to bending stiffness is approximately linearly
related to the reciprocal of the diameter of the pulley. Centrifugal forces were
considered for cases when the belt mass is significant or belt speeds are high.
These forces cause an increase in the belt tension and a decrease in the pressure
at the belt-pulley interface. This implies that the belt’s inertia causes it to
tend to travel tangent to the pulley, but tension will pull it back toward the
tangent line between two pulleys, which results in transverse motion. This
work laid the foundation for identifying mechanisms that cause transverse
belt vibrations.
Li and Chen [17], extending the work of Beikmann et al. [18] and
Parker [19], derived the explicit characteristic equation of a serpentine belt
drive system with two pulleys and a tensioner arm. Modeling of a serpentine
belt drive is generally not concerned with the belt-pulley interaction; thus, this
work does not address creep theory, shear theory, or friction concerns. The
belt is treated as a string, neglecting bending stiffness, shear deformation, and
damping.
Zhang and Zu [20] considered the free vibrations of a moving viscoelas-
tic belt. The treatment is not defined in terms of belt drives, so the belt-pulley
interface was not considered. Coriolis and centripetal acceleration compo-
nents were included and the Kelvin viscoelastic model was used, but flexural
and shear effects were neglected. The Kelvin model describes the viscoelastic
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property of a material as a linear spring and a linear damper connected in
parallel. The results of Zhang and Zu’s analysis showed that the damping
introduced by the viscoelastic model has no significant effect (to a first order
approximation) on the natural frequencies of the free vibration, although it
does cause the amplitude of the response to decrease more quickly with time.
Conversely, varying the elastic stiffness parameter does move the natural fre-
quencies, but does not affect the free response amplitude. According to linear
theory, the location and amplitude of resonant peaks are coupled. The anal-
ysis also found that the natural frequencies decrease as the belt’s translation
speed is increased, which is consistent with linear theory.
An analytical model for a flat belt was developed by Leamy and Wasfy [21],
using a creep-rate-dependent, trilinear friction law instead of Coulomb friction.
This model was chosen for its physical relevance, especially for small sliding
velocities, and its computational convenience—it eliminates the discontinuity
present in classical Coulomb friction theory. Closed-form expressions were
found for the tension distribution and sliding-zone arc magnitudes for a two-
pulley belt drive. Under a Coulomb friction law, one expects to observe two
distinct zones in the arc of contact between the pulley and the belt: an adhe-
sion zone in which the belt and pulley are moving with the same velocity, and
a slip zone in which the belt and pulley are sliding past one another. However,
the creep-rate-dependent friction law resulted in no adhesion zones whatso-
ever. In fact, depending on the slope of the friction law profile, there may be
two distinct sliding zones on one or both of the pulleys. The analytical results
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were found to agree well with a finite element model.
Recently, groups have derived models of the transient behavior of belt
drives. Leamy and Wasfy [22] devised a time-accurate finite element model
for the representation of timing belts and serpentine belts (as a special case of
the timing belt with no teeth). The belt was modeled using beam elements,
including axial and bending stiffnesses. The teeth of the pulley were treated
as internal, thus lumping together the compliances of the belt teeth and pulley
teeth. A modified version of the creep-rate-dependent friction law introduced
in [21] was used to model the belt-pulley interface. The finite element model
was validated with the analytical model of [21] for the serpentine belt in the
steady state and with available experimental data for the timing belt.
Čepon et al. [23] developed a nearly comprehensive finite element model.
The belt was modeled as a planar beam element, including axial stiffness, flex-
ural stiffness, and viscoelasticity properties, but no shear deformation. The
authors used a discontinuous Coulomb law to model the belt-pulley contact,
citing that it is more accurate than the trilinear creep-rate-dependent laws.
Coriolis forces were included and pulley eccentricity was introduced by allow-
ing the axis of rotation to be specified away from the pulley’s geometric center.
These effects introduce transverse oscillations in the belt spans. The authors
noted peaks in the normal and tangential forces at the entry and exit sections
of the belt and non-zero friction forces at the beginning of the adhesion zones.
These phenomena were attributed to bending stiffness in the belt.
A lumped-parameter finite element model of the behavior of timing belt
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drives was proposed by Callegari et al. [24]. Spring and damper elements were
used to describe the stiffnesses and damping behaviors in the axial and bending
reactions. The contact forces between the flanks of a belt tooth and a pulley
tooth, the tip of a belt tooth and the bottom land of the pulley, and the back
side of the belt and an idler or tensioner pulley (with no teeth) were considered.
In this model, tooth geometry, rather than friction, accounts for the transfer
of power from the pulley to the belt. The inertia of the belt elements was
included and the model allowed for the user to specify either the rotational
velocity or the torque applied to the driver and driven pulleys. Along with
belt inertia and pulley eccentricity, tooth meshing and time-varying pulley
loads were validated as sources of transverse vibrations. The model resulted
in simulated sound power levels that exhibited the same trends as experiments,
but had values about 12 dB higher. The authors ascribed this discrepancy to
the linearization of the lumped parameters. The results of this study and of [22]
are in good agreement, indicating that tooth geometry supplants friction as
the mechanism of power transfer in timing belt applications.
To summarize the findings of the models discussed, one can conclude
that transverse vibrations—which cause acoustic radiation—are a natural phe-
nomenon in belt drives. See Figures 1.1 and 2.1 for clarification of the direction
of transverse oscillations. The frequency of transverse vibrations is largely de-
pendent on belt tension, geometry, and material. For flat belt and V-belt
drives, the mechanism by which power is transferred between the pulley and
the belt is friction, which can be described using the classical Coulomb model
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or a creep-rate-dependent model. In timing belt applications, however, the role
of friction is largely replaced by tooth geometry. Elastic stiffness and damping
are found to be more important to the accuracy of belt modeling than flexural
or shear effects because timing belts and flat belts tend to be thin, rendering
these effects negligible. However, bending and shear stiffnesses become impor-
tant when dealing with belts with thick profiles, such as V-belts. The Kelvin
viscoelastic model has been used to incorporate damping, showing that the
damping parameter has no significant effect on the natural frequencies of belt
vibration, but does cause the vibration amplitude to decay more quickly with
time. Transverse belt vibrations have been found to be caused by belt inertia,
pulley eccentricity, non-constant pulley loads, and tooth meshing.
For another treatment of the literature that includes more detail on
experimental methods and results, the interested reader is referred to the mas-
ter’s thesis of Musselman [10].
2.2 Models Used in This Work
As mentioned in Section 2.1, there are few models that reflect the way
in which belt tension is currently monitored—by measuring the frequency of
acoustic radiation of a belt span while the drive is not in operation—and
there is also little experimental verification of these models. Additionally,
extant models that relate tension to longitudinal deflection are inconsistent
with acoustic tension tests. In the work presented here, this deficiency is
addressed through the investigation of an existing model and the development
13
Figure 2.1: A diagram of the belt’s tooth profile. Note the arrows representing
the directions of transverse and longitudinal vibrations. The dashed lines
indicate the region occupied by the steel tension members. The dimensions
shown are in mm. [6]
of an improved model.
The timing belt that was used in the experiments for this thesis is
1 m long and 75 mm wide, consisting of 51 steel tension members, varying in
diameter between 0.89 and 1.14 mm, embedded in thermoplastic polyurethane.
The pitch of the belt—the distance from the center of one tooth to the center
of the next—is 10 mm, with profile shown in Figure 2.1. In order to reflect
the conditions under which the belt tension is currently monitored, the belt
has been treated as stationary.
2.2.1 Effective Spring Model
The manufacturer of the belt suggests that it be modeled as an effective
spring, and provides a specific belt stiffness of kspec = 4.25× 105 N/10 mm of
belt width. Multiplying this by the width of the belt (75 mm) and dividing
by the effective length of the belt, L, results in an effective spring constant,
kbelt = (3.19× 106)/L N/m [6]. Then, it is straightforward to use Hooke’s law
to calculate the tension in the belt based on its axial deflection.
14
This model assumes that the composite construction and geometric
complexity of the belt may be ignored, and that it may be treated as an equiva-











Figure 2.2: An illustration of the model that includes the stiffness of the
connection between the belt and the clamps, kconn, in addition to the stiffness
of the belt kbelt. As shown in the drawing on the right, each of the connection
stiffnesses are modeled as two tooth stiffnesses in parallel.
The model proposed here drew inspiration mainly from concepts out of
the works of Gerbert et al. [13] and Callegari et al. [24], with the goal of making
a significant improvement to the model discussed in the previous section as
simply as possible. The belt remains treated as a string, neglecting all flexural
and shear effects. This is justified because the belt is thin, has a long span,
and is under high tension, thus any correction to the natural frequencies of
the belt is likely to be negligible [25]. Damping is also neglected, which is
15
reasonable because we are cheifly concerned with the natural frequencies of
the belt, which are not significantly affected by damping, as shown by Zhang
and Zu [20].
The manufacturer’s model was modified by incorporating the effects of
the geometric complexity of the belt. The tension in the span of the belt and
the load on a tooth are closely related [26], so the stiffness of the connection
between the belt and the pulley or clamp must be addressed. In the exper-
iments described in the following sections, a belt sample is clamped at both
ends, and put under tension. To account for this configuration, two stiffnesses
representing the mechanical connections between the belt and the clamps are
added to the effective stiffness suggested by the manufacturer, similar to tech-
niques used in [22] and [24]. The resulting system can be visualized as three
springs connected in series, as shown in Figure 2.2. This configuration results








where kconn is the stiffness of the belt-clamp connection. This connection
stiffness, kconn itself, was modeled as two springs in parallel, representing the
stiffnesses of the first two teeth engaged by the clamp, each of which have
a stiffness that is determined by the finite element model described in the
following paragraphs.
An individual tooth was modeled using commercially-available finite
16
Figure 2.3: The geometry of the belt tooth used in finite element modeling.
element analysis software in order to determine an effective stiffness. The
tooth’s shape was simplified to a regular trapezoid, ignoring any curvature
in the profile—see Figure 2.3. The tooth was constrained such that it was
allowed to move in the y-direction only. Distributed loads were applied to the
back face of the tooth according to ~Pback = F0/(7.5 × 10−4)ŷ, and to the top
angled face according to the formula ~Ptop = −F0/[(2.5
√
2)7.5× 10−7]ŷ, where
F0 is the nominal force applied and the denominators of these expressions are
equal to the areas of the respective faces, such that the total force on the
boundaries was zero. The finite element analysis software requires the density
(ρ), Young’s modulus (E), and Poisson’s ratio (ν) for all solid materials in
the simulation. It was assumed that the polyurethane is isotropic and linearly
elastic; these assumptions are not true in general, but they are reasonable for
the static case considered here. While the software calls for the density of the
17
material to be specified, it was found that the value used was not important
in the static simulations. Values from 300 kg/m3 to 1000 kg/m3 (a typical
value for polyurethanes [27]) were used in the simulations with no effect on
the results.
The manufacturer reports the hardness of the polyurethane as 92 Shore A [6].
From this, it is possible to calculate the Young’s modulus of the material based





where S is the hardness of the material on the Shore A scale and E is the
Young’s modulus in Pa. Based on this relation, the Young’s modulus of the
poyurethane is Epoly = (2.67±0.14)×107 Pa. There is little documentation on
the range of Poisson’s ratio values for polyurethanes. Using an available range
of documented Young’s and shear moduli [29], one can obtain Poisson’s ratios
outside of the physically possible range for a linear elastic material (values
from ν = −1 to ν = 0.5 are allowable) [30]. It was assumed that the material
is not auxetic, and so simulations were run over a range of Poisson’s ratios
between 0 and 0.5. The values chosen were ν =0.001, 0.125, 0.250, 0.330,
0.0.350, 0.360, 0.365, 0.370, 0.375, 0.380, 0.390, and 0.400. The appropriate
value of ν was later identified based on experimental data.
Simulations were carried out for applied nominal forces from F0 = 250
through 5000 N in increments of 250 N. After each simulation, the vertical dis-
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placement of the topmost vertex of the tooth was recorded. This was chosen as
the metric because its change should be most closely reflected in the displace-
ment of a clamp, assuming that no tooth climbing occurs. Then, a least squares
approach was used to fit lines to the data in order to calculate an effective stiff-
ness for the tooth, as shown in Figure 2.4. This method yielded values for the
effective spring constant of the tooth ranging from ktooth = 1.86 × 106 N/m
for the ν = 0.001 case to ktooth = 6.19 × 106 N/m for the ν = 0.400 case. In
order to model the stiffness of the belt-clamp connection, two tooth stiffnesses
were joined in parallel (as shown in Figure 2.2), such that kconn = 2ktooth.
This configuration was chosen in order to incorporate the effect of the first
two belt teeth engaged by the clamp. The rest of the teeth were neglected
because they carry less of the load [13]. The kconn values were used to calcu-
late the combined spring constant for the connection-belt-connection system
illustrated in Figure 2.2 via Eq. (2.1), as discussed in Chapter 5. As is also
shown in Chapter 5, ν = 0.4 was found to be the appropriate value for the
Poisson’s ratio.
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Figure 2.4: The results of the finite element analysis of a single tooth subjected
to edge loads. The variable on the horizontal axis, δy, represents absolute value
of the vertical displacement of the top vertex of the tooth. The lines are linear




3.1 Variables to be Controlled
In order to investigate the validity of acoustic monitoring of the tension
in a composite belt, we have created an experimental test apparatus—hereafter
referred to as the “Test Stand”—that allows control of the tension in the
belt, repeatable impulse excitation of the belt, and acoustic measurement of
the resultant vibrations. Before the design of the device is addressed, let us
investigate the variables that need to be controlled by the Test Stand. First,
consider a string of length L, fixed at both ends, struck at a point x0 with








[an cosωnt+ bn sinωnt], (3.1)
where ξ is the transverse displacement of the string and n is the mode num-
ber [31]. The boundary conditions and initial conditions are described by the
following set of expressions
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Figure 3.1: A string with fixed boundaries of length L, struck at x0 with
velocity u0.
ξ(0, t) = 0 ξ(L, t) = 0 (3.2a)
ξ(x, 0) = 0 ξ̇(x, 0) = u0δ(x− x0), (3.2b)
where δ is the Dirac delta.
Because initial displacement of the string is zero, the coefficients an are





















where T is the tension in the string and ρ` is the mass per unit length—or
linear mass density—of the string [31].
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From the above, it is clear that the vibration of the string is affected by
its length, the location of the excitation, and the tension in the string. Thus,
it is important to be able to control each of these variables.
If we extend our view from a 1-dimensional string to a 2-dimensional
membrane, then another factor becomes important. A non-uniform tension
distribution across the width of the membrane—which, in the case of a power
transmission belt drive, can be the result of pulley misalignment—leads to
changes in the frequency and modes of vibration of the membrane [32]. There-
fore, in addition to controlling the total tension in the belt, we must have
control over the tension distribution across the face of the belt.
3.2 Description of Experimental Apparatus
The Test Stand itself is a steel frame consisting of plates on the top and
bottom and four vertical support columns, as shown in Figure 3.2. A length
of belt was placed in off-the-shelf clamps sold by the belt’s manufacturer,
which integrate with the teeth of the belt, thus providing a better mechanical
connection than would otherwise be possible. By positioning these clamps one
at the end of the belt and the other at the desired length, the active vibrating
length of the belt was controlled. After the clamps were fastened to the belt,
the clamp at the end of the belt was attached to the top plate of the Test Stand
with bolts, and the other was inserted into an assembly toward the bottom

















Figure 3.2: A schematic diagram of the experimental apparatus.
Tension was applied to the belt by means of mechanical elongation.
The belt was elongated using two turnbuckle-like threaded rods mounted on
either side of the Test Stand and attached to the bottom clamp assembly by a
pinned connection. These rods are threaded in opposite directions on opposite
ends, such that rotating the rod in one direction causes the attached rod ends
to move in opposite directions—either closer together or farther apart. By
twisting these rods, the bottom clamp assembly can be translated downward,
corresponding to elongation of the belt. The displacement was measured by
means of two dial indicators (Shars Tool Co. part # 303-3112) in contact with
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the bottom clamp assembly near the right and left edges of the belt face.
Because the threaded rods are allowed to turn independently, the distribution
of tension across the face of the belt can be controlled. By displacing both sides
of the bottom clamp assembly equally, the tension across the belt face will be
uniform. Deviation from a uniform tension distribution may be obtained by
displacing one side farther than the other.
Vibrations were excited in the belt using a custom-designed device con-
sisting of a spring-return solenoid with a rounded plastic tip affixed to the end
of its core, that sits upon a movable mounting platform. This device imparts
an impulse-like velocity excitation to the flat face of the belt, and is hereafter
referred to as the “Initial Velocity Device” (IVD). The mounting platform
allows for the IVD’s striking head to be positioned almost anywhere with re-
spect to the belt’s length and width. The length of time that the solenoid
was engaged was regulated by a control circuit and could be specified by the
experimenter. The acoustic response of the belt was measured by means of a
PCB Piezotronics model U130D20 microphone mounted in a custom bracket
attached to the top of the IVD. The model U130D20 is a condenser micro-
phone with a nearly flat frequency response from 20 Hz to 20 kHz [33], which
covers the range of frequencies expected in the experiments. The microphone’s
sensitivity is reported by the manufacturer as 45 mV/Pa [33]. The entirety
of the Test Stand was placed on a layer of styrofoam to isolate it from any




4.1 Simple String Experiment
Before performing experiments with a timing belt, experiments using
a steel string were carried out in an effort to validate that the Test Stand
operated as expected. The goal of these experiments was to show that the
translation of the bottom clamp assembly on the Test Stand is linearly related
to the tension experienced by a string fastened in the clamps, and that this
relationship could be observed by exciting transverse vibrations in the string
and measuring the resulting acoustic signal. A sufficiently long, thin belt under
tension is expected to behave as a string to a good approximation [25], with
its transverse modes of vibration corresponding to simple string modes. Thus,
if the Test Stand did not yield the expected results for a simple string, there
would be strong reason to doubt that it would apply tension to the timing belt
in the expected manner.
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4.1.1 Additional Apparatus
In order to test that the experimental apparatus was working as ex-
pected, experiments were performed using a guitar string in place of the belt
sample. A 20 gauge (0.020 inch diameter) guitar string made by GHS strings
was selected because it was the thickest monofilament string available at the
local music store. The string was placed in the clamps using paper shims to
replace the thickness of the belt and to protect the clamps. The string was
kept from slipping axially by placing the ball end of the string just below the
bottom clamp and kinking the free end of the string at the top clamp before
the clamp was bolted to the top plate of the Test Stand.
It was quickly discovered that the IVD did a poor job of exciting audible
vibrations in the string, so a different configuration of the solenoid was devised,
with the goal of applying an initial displacement to the string instead of an
initial velocity. The solenoid was turned around so that, when engaged, the
core moved away from the center of the Test Stand, rather than toward it. The
plastic striking head was removed from the core, and a plastic plectrum was
attached to the back of the core using epoxy and vinyl tape. This configuration
of the solenoid assembly is hereafter referred to as the “automatic plectrum.”
The assembly was positioned so that the string was between the plectrum
and the coil of the solenoid, such that engaging the solenoid would cause the
string to be plucked. The amount of time that the solenoid was engaged was
increased so that the solenoid core would be held out of the way of the string
while data was recorded.
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In this configuration, the bracket to hold the microphone would not
fit on the solenoid, so instead, a piece of styrofoam with a hole through its
center was attached to the solenoid and the microphone was placed inside.
This allowed for the microphone to be positioned easily and also helped to
insulate the microphone from Test Stand vibrations.
4.1.2 Procedure
The string was placed in the Test Stand as described above, and then
the threaded rods were lengthened by hand until resistance was felt. A bubble
level was placed on the bottom clamp assembly to ensure uniform extension
of the rods, and then the dial indicators were placed in contact with the
bottom clamp assembly and zeroed. The nominal length of the string was L =
0.525± 0.002 m. For the experiment, it was elongated from δ = 0.000 inches
to δ = 0.050 inches in increments of 0.005 inches, as measured by the dial
indicators. Data was taken at the δ = 0.000 inch point to help account for
uncertainty in the point of tension onset in the string. The string was plucked
sixteen times at each elongation, using the automatic plectrum. For each of
these trials, the acoustic data detected by the microphone was recorded using
a Tektronix 3014B oscilloscope for 2 seconds at a sampling rate of 5 kHz,
triggered to avoid recording the sound caused by the solenoid movement. The
data was then transferred from the oscilloscope to a personal computer for




For the belt vibration experiment, the IVD was returned to its original
state, as described in Section 3.2. That is, the solenoid was turned around and
the rounded plastic striking head was again attached to the solenoid’s core.
The time for which the solenoid was engaged was reduced so that the striking
head would not be held in contact with the belt, interfering with vibrations.
A belt sample 1 m in length with linear mass density ρ` = 0.46 ± 0.02 kg/m
was placed in the clamps and attached to the Test Stand such that its nominal
length was L = 0.524±0.001 m. The IVD’s mounting platform was positioned
horizontally such that the striking head would hit the middle of the belt face in
order to avoid exciting torsional modes of vibration. The IVD was positioned
vertically to avoid striking a node and thereby failing to excite a particular
harmonic frequency. In a second set of experiments, the IVD was placed off-
center horizontally, at a position of 5/17 of the width of the belt.
4.2.2 Procedure
As in the simple string experiments, the threaded rods were initially
lengthened by hand until there was resistance, and a bubble level was used
to ensure that the bottom clamp assembly remained level, indicating uniform
translation of the bottom clamp assembly. When resistance was felt, the dial
indicators were placed in contact with the bottom clamp assembly, near the
left and right edges of the belt face, and zeroed. For both sets of experiments,
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the belt was elongated from δ = 0.010 inches to δ = 0.050 inches in 0.005 inch
increments. Vibrations were excited using the IVD, and, as before, the acoustic
data deteced by the microphone was recorded by the oscilloscope for 2 seconds
at a sampling rate of 5 kHz, triggered appropriately to avoid recording the
sound of the solenoid’s motion. As in the simple string experiments, sixteen
trials were taken at each elongation.
4.3 Data Processing
4.3.1 Examples of Raw Data
The waveforms detected by the microphone and sampled by the oscil-
loscope were transferred to a personal computer where they could easily be
used for calculations. An example of the acoustic data for the simple string
experiments described in Section 4.1 is shown in Figure 4.1. The data in that
example was obtained in the fourteenth trial of the δ = 0.015 inch elongation
in the first of the two simple string experiments. This data is used in all of
the examples regarding the simple string experiments in this section.
A spectrogram of the data offers further insight into how the string is
vibrating and how to approach processing. A Short-Time Fourier Transform
(STFT) of the data was taken using a 256-point Hamming window. The
resulting spectrogram is shown in Figure 4.2. There are many frequency peaks
in the signal, as expected, because the string was initially displaced so that
its shape approximated a triangle. That is, the initial waveform inherently
contains rich harmonic frequency content because a triangular pulse can be
30


























Figure 4.1: An example of the time series data collected in the simple string
experiments. This data was taken during the fourteenth trial for the δ =
0.015 inch elongation in the first of the two simple string experiments.
Figure 4.2: A spectrogram of the time series data shown in Figure 4.1 (simple
string). The Short-Time Fourier Transform (STFT) was carried out using a
Hamming window of length 256.
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constructed with an infinite sum of harmonic sinusoids. By inspection, the
peaks appear to be evenly spaced, indicating that they are harmonics. At the
beginning of the time interval, there are peaks that do not seem to fall into
the harmonic structure, but these appear to die out within about 0.5 seconds.
The strongest peaks appear to be the first four, as they are visible for the
entire time interval.
The data from the belt vibration experiment is now similarly shown.
The acoustic pressure data for the first trial of the δ = 0.025 inch elongation of
the first belt experiment is shown in Figure 4.3. Similar data for the eleventh
trial of the δ = 0.025 inch elongation of the third repetition of the second
belt experiment is shown in Figure 4.4. Notice that there appears to be some
low frequency beating (amplitude modulation) present in the signal for both
experiments, and it is more pronounced in the data from the experiment with
the IVD off-center.
Using the same window as before, spectrograms of these data sets were
created—see Figure 4.5 and Figure 4.6. There is essentially no energy above
500 Hz in the signals, so no frequencies beyond this are shown in the spec-
trograms. It is clear that there are only four significant frequency peaks in
these signals and that they occur at roughly the same frequencies in each, as
expected. There is low-frequency energy spread across the entire time inter-
val, which may be associated with the beating that is visible in Figure 4.3 and
Figure 4.4.
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Figure 4.3: An example of the time series data collected in the belt vibration
experiment with the IVD centered on the belt face. This data was taken during
the first trial for the δ = 0.025 inch elongation.






















Figure 4.4: An example of the time series data collected in the belt vibration
experiment with the IVD positioned at 5/17 of the width of the belt face. This
data was taken during the eleventh trial for the δ = 0.025 inch elongation in
the third repetition of the experiment.
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Figure 4.5: A spectrogram of the time series data shown in Figure 4.3 (timing
belt excited on center). The STFT was carried out using a Hamming window
of length 256. Only frequencies up to 500 Hz are shown because there are no
interesting features above this frequency.
Figure 4.6: A spectrogram of the time series data shown in Figure 4.4 (timing
belt excited off-center). The STFT was carried out using a Hamming window
of length 256. Only frequencies up to 500 Hz are shown because there are no
interesting features above this frequency.
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4.3.2 Processing Algorithm
The method of processing the data to yield tension estimates was es-
sentially the same for both types of experiment. First, the frequency spectra
of the time series data were calculated using a Fast Fourier Transform (FFT).
Then, the first four modal frequencies were extracted from the spectra using
a peak finding algorithm. The results of the peak finding algorithm were vi-
sually inspected and any errors were corrected by modifying the algorithm’s
input parameters such as the mininmum peak height and the minimum dis-
tance between peaks. Figures 4.7 and 4.8 show examples of the frequency
spectra of the data from the simple string and belt experiments, respectively,
with the first four modal frequencies marked. In Figure 4.8, note the smaller,
secondary peaks that are visible in the FFT of the data from the belt vibration
experiment with the IVD placed off-center (the red curve). It is speculated
that these may be evidence of torsional vibration of the belt or structural vi-
brations of the Test Stand, but a thorough investigation is beyond the scope
of this thesis.
After the modal frequencies were determined, the effective sound speed






where fn is the frequency of the n
th mode, L is the equilibrium length of
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Figure 4.7: The Fast Fourier Transform (FFT) of the data shown in Figure 4.1
(simple string). The first four harmonic frequencies are marked by the circles.
the string, and δ is the extension beyond the equilibrium length. Specifically,
least squares linear fits of modal frequency with respect to mode number were
performed for all data sets, and the resulting slopes were multiplied by 2(L+
δ) to obtain values for the effective sound speed, c. Then, the tension was
calculated by rearranging Eq. (3.4) to obtain
T = ρ`c
2. (4.2)
After tension values were calculated for every δ and every trial of an experi-
ment, a line was fit to the entire data set, using a least squares method. The
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Figure 4.8: The FFTs of the timing belt data shown in Figure 4.3 (on-center
excitation, blue) and Figure 4.4 (off-center excitation, red). The first four
harmonic frequencies are marked by the circles.
slope of the line can be considered an effective stiffness for the material. The
slope and intercept from this linear fit were then used to compute an offset in
δ to correct for uncertainties in the location of δ = 0, where tension is first
experienced by the string or the belt, and to aid in model computations.
The quantities used in the calculations each have an associated uncer-
tainty, which will be denoted by u(q), where q is the quantity. The uncer-
tainty in the extension was taken to be u(δ) = 0.001 inches, which is twice
the least count of the dial indicators. Note that u(L) and u(ρ`) are not the
same for the simple string and belt experiments, and thus they will be pre-
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sented with the results of the experiments in Section 4.4. The uncertainty in
the modal frequencies was taken to be one half of the frequency increment
in the FFT, which is 0.3052 Hz in this case, so the uncertainty in the modal
frequencies is u(fn) = 0.1526 Hz. The least-squares estimate of the slope
of the fn vs. n line, which will be referred to as f0 because it assumes the
role of the fundamental frequency, has an error based on the propagation of
u(fn) through the least squares calculation. In general, given a set of data
(x1, y1), (x2, y2), . . . , (xN , yN), the slope of the line yn = mxn + c, as estimated

















Substituting the appropriate values for our particular case—m = f0, N = 4,








































which evaluates to u(f0) = 0.0682. Using Eq. (4.5), the uncertainty in the







































































The experimental results and their uncertainties are reported in the following
section.
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 = 7.50×109 N/m
k
eff
 = 7.70×109 N/m
Figure 4.9: Measured tensions from the simple string experiments. The mean
values are shown. The δ offsets are 0.023 inches for the first experiment,
and 0.021 inches for the second. Error bars were obtained by propagating
the uncertainties in each measured value through the calculation of the mean
according to Eq. (4.5). The linear fits were calculated using a least squares
method and the resulting effective stiffnesses are shown on the plot.
4.4 Results
4.4.1 String
For the simple string experiments, the following parameters were used.
The density of the steel was taken to be ρ = (7.85±0.01)×103 kg/m3 [35], the
string’s length was L = 0.525± 0.002 m, and its diameter was D = 0.0200±
0.0005 inches. The linear mass density was calculated to be ρ` = (1.58 ±
0.08)× 10−3 kg/m. The results of the simple string experiments are shown in
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Figure 4.9. The effective stiffnesses calculated were (7.50 ± 0.09) × 104 N/m
and (7.70±0.09)×104 N/m for the first and second experiments, respectively.
The δ offsets were 0.023 and 0.021 inches, respectively. From Figure 4.9, it
can be seen that there is agreement between the linear fits that yield the
effective stiffness values and the mean measured tension values, within their
95% confidence intervals.
4.4.2 Belt
For the belt experiments, the following parameters were used. The lin-
ear mass density of the belt was taken to be ρ` = 0.46 ± 0.02 kg/m and the
belt’s length was L = 0.524± 0.001 m. The experimental results are shown in
Figure 4.10 and Figure 4.11. The δ offset for the on-center excitation experi-
ment was calculated to be 0.005 inches. The effective stiffness was calculated
to be (3.19± 0.04)× 106 N/m, which agrees with the means of the measured
tension values, within their 95% confidence intervals, as can be seen in Fig-
ure 4.10. For the experiment with the IVD positioned off-center, the δ offsets
were calculated to be 0.005, 0.004, 0.004, and 0.005 inches for the four runs,
respectively. The least squares linear fits resulted in effective stiffnesses of
(2.85±0.03)×106 N/m, (3.03±0.04)×106 N/m, (3.20±0.04)×106 N/m, and
(3.25± 0.04)× 106 N/m, respectively. All of the calculated effective stiffnesses
are consistent with the data within the 95% confidence intervals of the means
of the particular experiments.
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 = 3.19×106 N/m
Figure 4.10: Measured from the belt vibration experiment with the IVD cen-
tered on the belt face. The mean values are shown. The δ offset is approxi-
mately 0.005 inches. Error bars were obtained by propagating the uncertain-
ties in each measured value through the calculation of the mean according to
Eq. (4.5). The linear fit was calculated by a least squares method and the
resulting effective stiffness is shown on the plot.
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 = 2.85×106 N/m
Run 2, k
eff
 = 3.03×106 N/m
Run 3, k
eff
 = 3.20×106 N/m
Run 4, k
eff
 = 3.25×106 N/m
Figure 4.11: The mean values of the measured tensions from the belt vibration
experiments with the IVD positioned at 5/17 of the width of the belt face. The
δ offsets are approximately 0.005, 0.004, 0.004, and 0.005 inches, respectively.
Error bars were obtained by propagating the uncertainties in each measured
value through the calculation of the mean according to Eq. (4.5). The linear fits
were calculated by a least squares method and the resulting effective stiffnesses
appear in the legend.
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Chapter 5
Comparison of Measurements to Models
5.1 String Experiment
In order to make meaningful comparisons between the predictions of the
models and the experimental data, it was necessary to calculate uncertainties
for the models, just as had been done for the experimental values. The simple






we can calculate the effective spring constant of the string, with parameters de-
scribed in Section 4.1, to be kst = AE/L = (7.9±0.4)×103 N/m [36]. The un-
certainty in this value was found by using Eq. (4.5) to propagate uncertainties
in the string’s diameter and length, u(D) = 0.0005 inches and u(L) = 0.002 m,
as well as in the Young’s modulus of steel, u(Est) = 5×109 Pa [35, 37], through
the calculation of Eq. (5.1). To obtain tension values, Tmod, this effective spring
constant was then multiplied by the sum of the elongation of the spring and
the calculated offset discussed in Section 4.3.2. By applying Eq. (4.5) and ig-
noring any uncertainty associated with the offset, the uncertainty in the model
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Figure 5.1: The results of the simple string experiment with predictions based
on an effective spring model.












The results of the experiment, along with the predictions of this model are
shown in Figure 5.1. The model is consistent with the measurements within the
95% confidence intervals, except for the δ = 0 point of the second experiment.
These results indicate that the Test Stand is working as intended.
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5.2 Belt Experiment
For the belt vibration experiment, it was necessary to calculate un-
certainties for the manufacturer’s model and the model incorporating tooth
stiffness. Uncertainty was incorporated into the manufacturer’s model by us-
ing the uncertainty implicit in the tabulated value for the specific belt stiffness.
Because the value is reported as kspec = 4.25 × 105 N/10 mm of belt width,
it can be inferred that there is an uncertainty of u(kspec) = 4× 102 N/10 mm
of belt width. Using this value along with an uncertainty in the belt width of






























where δ′ is δ plus the calculated offset. Thus, according to Eq. (5.3), the belt’s
stiffness as suggested by the manufacturer is kbelt = (6.08± 0.08)× 106 N/m.
The uncertainty in the model incorporating tooth stiffness was calcu-
lated in a slightly different way. First, an uncertainty in the reported hardness
of the polyurethane, u(S) = 0.4 Shore A, was determined in the same way
that the uncertainty in the specific belt stiffness had been. Then, this un-
certainty was propagated through Eq. (2.2) according to Eq. (4.5), yielding
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Figure 5.2: Comparison of the means of the measured tensions from all belt
experiments, both on- and off-center to the predictions based on the finite ele-
ment method simulation. The line corresponding to ν = 0.4 is most consistent
with the experimental data.
an uncertainty in the Young’s modulus of u(Epoly) = 1.4 × 106 Pa. This was
used to identify high and low values of Epoly that were then used in the finite
element model in order to find upper and lower bounds on the results of the
simulations. So, for each value of ν, the simulation would return a set of three
displacements at each F0, resulting in three different effective spring constants
and thus three different tension predictions corresponding to the estimated
value and its upper and lower confidence bounds. In order to identify the
Poisson’s ratio that best reflected the experimental data, the mean tension
values—using data from both experiments—were compared to the predictions
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of the finite element method simulations, as shown in Figure 5.2. The simu-
lation based on a Poisson’s ratio of ν = 0.4—which yields a tooth stiffness of
ktooth = 6.19×106 N/m and thus, via Eq. (2.1) and kconn = 2ktooth, an effective
stiffness of keff = 3.07× 106 N/m—was found to give the best agreement with
the experimental data, as the predicted tensions resulting from this model fell
within the 95% confidence intervals of the means of the experimental data.
This value of ν seems physically reasonable because it falls between the widely
accepted values of the Poisson’s ratio of steel (0.3) and that of rubber (0.5) [30].
The results of the experiment with the IVD centered are presented
with predictions from the models in Figure 5.3. The manufacturer’s suggested
effective spring model is not consistent with the data. It is clear from Figure 5.3
that the experimental data and the prediction of the improved model—which
accounts for the stiffness of the belt-clamp connection using an experimentally
inferred value of 0.4 for the Poisson’s ratio of polyurethane—agree within
their uncertainty bounds. This model is also consistent with the data from
the experiments in which the IVD was positioned off-center on the belt face,
within the confidence intervals, as shown in Figure 5.4.
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Figure 5.3: The results of the belt vibration experiment with the IVD cen-
tered (blue) compared to predictions based on the manufacturer’s single
spring model (green) and the three spring model with tooth stiffness included
(red), using an experimentally-identified Poisson’s ratio of ν = 0.4 for the
polyurethane. The dashed lines indicate the upper and lower confidence limits
on the model.
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Figure 5.4: The results of the both belt vibration experiments compared to
predictions based on the model with tooth stiffness included, using a Poisson’s
ratio of ν = 0.4 for the polyurethane. The dashed lines indicate the upper and
lower confidence limits on the model.
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Chapter 6
Conclusions and Future Work
6.1 Conclusions
In this thesis, a lumped-parameter model was developed for tension
prediction in a composite timing belt that improves upon the model suggested
by the belt manufacturer. In particular, the effects of the geometric complex-
ity of the belt’s construction were taken into consideration. The stiffness of a
belt tooth was determined by using a finite element model that simulated the
deformation of a single polyurethane tooth subjected to forces on two of its
faces over a range of values for the Poisson’s ratio. The clamped belt system
was modeled as three springs connected in series—one corresponding to the
belt stiffness suggested by the manufacturer and two representing the stiff-
nesses of the belt-clamp connections. Each of the stiffness elements due to the
belt-clamp connection were modeled as two springs in parallel corresponding
to two belt teeth, each with stiffness ktooth as calculated by the finite element
model.
Experiments were performed on an apparatus designed to allow control
of the length and tension of a belt sample and to repeatably excite transverse
vibrations. Acoustic signals were recorded and spectral analysis techniques
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were used to calculate the tension in the belt based on the one-dimensional
wave equation. The operation of the apparatus was verified by experiments
with a simple string, which showed that a linear translation of the bottom
clamp assembly of the Test Stand corresponds to a linear increase in the tension
in the clamped string. Two types of belt vibration experiment were performed,
varying the excitation location. The manufacturer’s model was shown to be
inconsistent with the experimental data. The tension predictions from the
model incorporating the connection stiffness based on teeth with a Poisson’s
ratio of ν = 0.4 were found to fall within the 95% confidence intervals of the
means of the measured tensions from the belt vibration experiments. While
this value was identified based on the experimental data, it appears reasonable
because it falls between the Poisson’s ratios of steel and rubber.
This work has shown that a three spring model of a composite belt re-
sults in a significant improvement over the single spring model suggested by the
belt’s manufacturer. Furthermore, the results of the experiments have shown
that the tension in a timing belt consisting of braided steel cables embedded in
polyurethane can be measured repeatably by analyzing the frequency spectra
of acoustic pressure radiation signals resulting from transverse vibrations.
6.2 Future Work
The foundation has been laid for further experiments to be performed
with the experimental apparatus described in this thesis. In particular, prepa-
rations have been made to attach force sensors to the Test Stand. This will
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allow for the tension in the belt to be measured directly, which will provide
another method of testing the validity of the model presented in this thesis.
Furthermore, these sensors would facilitate experiments with non-uniform dis-
tributions of tension across the face of the belt, which would offer insight into
the sensitivity of the model to pulley misalignment.
For further research, the finite element model should be reexamined,
as some unexpected behavior was observed. An additional force could be
added to the face on the tip of the tooth and the choice of displacement
metric could be improved. The next step in refining the model would be to
verify the Poisson’s ratio of the belt’s polyurethane matrix by measurement.
Additionally, the finite element model could be extended to include the tension
members, or perhaps to model the entirety of the belt span. This could allow
the experimenter to break away from the one-dimensional wave equation and
investigate more complex vibration phenomena.
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